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(Some) motivation

Fabrication of 3D micro- and nano-structures

e Exploit mismatching energy wells

Bilayers
e Rolled structures for intracellular microinjections, nanoreactors, on-chip capture and

detection of micro-organisms,

e Temperature driven release of microparticles and cells, microfluidics devices,
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Goals

Introduction

multi-layered or pre-strained plates
effective, 2D theories
multiple scalings

minimisers



A hierarchy of plate models




Setting

e Reference plate:

Qn=wx (=h/2,h/2) CR3

with mid-plane w and aspect ratio /1 < 1.

e Inhomogenous energy density
Woil(ﬁﬁg,F):%(l’g,F([+ha_1(9>\Bh($3))), FER?)XB'

B" models the misfit

e Minimise scaled energy per unit volume on rescaled domain
1
Ig(y):W/Q Wah(iﬁ?nvhy(x))d% a € ([2,00).
1

e Take the ['-limit as h— 0 for o € [2, 00).

e Later: investigate minimisers.
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Theorem 2.6: A hierarchy of models

o let X, = Wh2(w;R) if a€(2,3),
@ Wh2(w;R?) x Wh2(w;R) if a>3.

o Define W12(Q;R?) 2y — w € X, iff the averaged and scaled displacements

)
1 Y5
ug(x’) = 75 » (yh/(a:’,xg)—x’)dxg,
< h(,.t 1 2 h(..1
va(x') 1= —5 ys (z', x3) ds,
ha —1/2
\

converge weakly in X, to w.

e Then, under conditions on 11}, the scaled energies

1
T(y) :WA Wo(xs, F (I +h=10* B (xs)) da,

with o € [2, 00), I'-converge to...
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Theorem 2.6: A hierarchy of models

If o= 2: non-linear Kirchhoff, pure bending (Schmidt, 2007)

o0 otherwise.

Tii(v) :={ 2 1,@MI () da' i v e W?2(S) N {Vv e D(2,3)},

If o€ (2,3): Kirchhoff with linearised isometry constraint, pure bending

Tixi(v) := { %fwéé(_V%(m/)) dz’ if veW?22(S)N{det V?v =0},

o0 otherwise.

If =3: von Karman type, coupled bending and stretching in stress-strain
0% (u,v) /Q2 Su+%Vv®Vv),—V2v)dzv’
If o> 3: linearised von Karman

Livi (U, v) /Qg s, —VZ20v)da'.
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Theorem 2.6: A hierarchy of models

@€ (2,3) Ik L Tiki
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Lower bounds, sketch

Goal: Let vy — w € X,,. Show:

}lbinf Zh(y™) = Iy (w).
—0

e Note we have maps R":w— SO(3) s.t.

o — 1

IVay" — R

02,0, SN
e Rewrite energy with A" = A"(V,, 4", B" R"):

Wh(x37 Vh yh) — I/I/O(x& I + ha_l Ah)

e Use Taylor to lower bound and

inf iy [ Wolan T+he XA > Tt 5 [ Qulan XA ol

> %/{21Q2($3,é+é).
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Lower bounds, sketch

e The limit strain G+é can be identified for oo > 3:

1 - 1 1 .
. — 072 (Vo +=Voe Vo), —V2) if a=3,
1 Q2(3,G+ B) = 7/, Q207 (Vsut 3 Vo@ Vo) v) if o

2 Jo, %fwég(vsu, —V?) if a>3.
o If e (2.3), relax Qs to

o
Q5(F):= min Qa2(t, E+tF+ B(t))dt

and conclude

. < 1 —
5 91Q2($3,G+B)d$>§/w 5(—V?0) da'.
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Upper bound for a € (2, 3), sketch

Goal: Let v € W2, Construct y" — v s.t.

Isup Z2(y" /Qg —V2 1fvEW:£L’2(w),
h—0

or <oo otherwise.
Core ideas:

e Show density in 1V.7%(w) of
Vo:={veC>®@):3In >0 s.t. nv=1ys for some “special” isometry y}.

e )y>wv ~~ construct isometries [FJM06, Thm. 7].

e Had to relax )5 to Q5 ~~ need representation theorem for symmetric tensors to attain
the minimum.

A hierarchy of plate models



Upper bound for a € (2, 3), sketch

e Rec. sequence based on ov=2 + terms to attain min in Q5 + corrector terms

y' (2’ 23) = Pe(2) +h(zs—a(2)) be(z’) + 1 (g(2"),0)
+he [FPd(a!, ) dE+ DM (2!, xs).

e Representation theorem provides optimal tensor in Q% as A=V, g+ a V>v.

e Exploit frame invariance with rotations

R.:=(Vy.,b.) and e M,
to obtain

(..))

Wol@s, Viy" (I+h*1 BR)) = Wo(ws, I +h* =" (A" + B") +o(h* 1)),

where A" — (0 — 23) V20 4+ Vg +d @ es.

e Choose d using the map £ attaining the minimum in ()9, substitute a;, gi. for a, g.

Ih yk /Qg —V2)dz’ +o(1)p— oo

A hierarchy of plate models



A representation theorem

Theorem 2.22. Assume A =0 in a neighbourhood of {V?v =0}. There exist smooth maps
a, g1, g2 such that a = g;=0 on {V?v =0} and

A=V,g+aV.

Reduce to [Sch07b, Lemma 3.3]

A hierarchy of plate models



The interpolating regime
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The interpolating regime
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The interpolating regime

Theorem 2.7. The following two 1'-limits hold:

T T
0 0
Lok — Liki, and ZLox —ILiyk.
07100 610

Theorem 2.14. Let (ugp,v9)o~0 be a sequence in X, with finite energy

sup T (ug, vg) < C.
60>0

Then:

1. The sequence (vg)g1oc is weakly precompact in W??%(w) and the weak limit is in X, N

W% (w). Additionally (ug)g1ec is weakly precompact in W2(w; R?).

2. The sequence (017 ug, vg)g |0 is weakly precompact in W'?(w; R?) x W??(w) and the
weak limit is in X, x X,.

A hierarchy of plate models



The structure of minimisers




Minimisers for a € (2, 3)

Theorem 3.1. The minimisers of 1;i; are of the form

v(z’) :%I‘/T Fz,

where

FeN :=argmin {Q5(F — Fy): F € R2? det F =0}

Sym s

and ()5, Fy are explicitly computed from ()5 and B.

v s unique up to the addition of an affine transformation.

Ideas: Compute Q5(F) = Q35(F — Fy) + ap using the moments of M (1) in Qs(t, A) =
a' M(t)a.

Use local representation of V?v. Show it is constant over w.

~+ minimisers are cylindrical

The structure of minimisers



Minimisers for a > 3

Theorem 3.2. The minimisers of 1;, i are of the form

u(x’)=FEpz’ and v(z') :%ZU/TFQJT/,

where Ey, Fy € ngxrf are explicitly computed from ()5 and B.

u IS unique up to an infinitesimal rigid motion and v up to the addition of an affine transforma-
tion.

Idea: (Absorb the misfit) Compute constants F, [ € ngxrf and ¢y € R depending on 3 and
()2, such that

_ s
QQ(E—E(),F—F()): Qg(t,E+tF)—|—CO
s

Pick (ug,vo) such that Viug= —FEy and VZvy = F,. For any (u,v):

0 <inf Zjyx(u,v) = ¢o+ ianl%[E(O(u — Ug, V — V).

The structure of minimisers



Minimisers for o = 3

a€(2,3)

a>3

The structure of minimisers
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Minimisers for o = 3
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Minimisers for o = 3

0% (u,v) /Q2 Su+%Vv®Vv),—V2v)dzv’

Conjecture. There exists a critical value 0. >0 such that minimisers of 7. are (roughly):
e paraboloids for 6 < 0.,

e cylinders for 6 > 0...
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Minimisers for o = 3

0% (u,v) /Q2 Su—F%V@@V@),—vQU)dZE/
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e cylinders for 6 > 0...
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Minimisers for o = 3

Theorem 3.10. There exist (up, vo) € X and a unique ¢:[0,¢) — X with ¢(0) = (ug,vo), such
that every () € X is a critical point for Uy and viceversa.

Theorem 3.12. There exists 0. > 0 such that for every 0 € (0,0,.) every critical point of Z:y is
the global minimiser.

The structure of minimisers



Numerics




Discretisation

Goal: investigate minimisers of

IgKuv /QQ Vu+ VU@VU 24/622 v — B).

Problem: Find minimisers of

0w, 2) :%LQQ(Vsu+§z 92)+ = [ Qu(vz—B),

[\
>~
e

with B € RZ 5, u, 2 € Wh2(w; R?) and

zeZ:={CeWh?(w;R?):curl (=0}.

If ¢ Z, then J%(u, z) = +o0.

Numerical experiments



Discretisation

Discrete problem: Let ;. > 0. Compute minimisers of the discrete energy

JQ usaze — /Q2 vué"‘ Z5®Z€ +_/Q2 Vze—
+,u€/\curlz€]2,

for (u., z.) € V2, with

Voi={v.e C(@;R?):v.p € P\(T)? for all T € 7.}

e Discrete projected gradient flow: w! ™" :=w! + a7y, (d)) with d/ € V. x V. sit.

(A2, &) =—DJwl](&) for all & € Vo x V.

Numerical experiments



I'-convergence

Theorem 4.8. Assume 1. — oo but ji-=o0(c %) as e — 0. Then

Jo, g

as ¢ — 0 wrt. weak convergence in W12,

Theorem 4.9. Let (u.,z2.).~o be a sequence in (V.M X,)? with bounded energy.

Then there exist uc W2, 2 € Z such that u. — u and z. — z. in W12,

Recall:

Xy:i= {uEWl’Q(w;R2):/Vau:O and /u:O}.

Numerical experiments



Results




Recall: conjecture

There exists a critical value 6. > 0 such that minimisers of Z9, are (roughly):
e paraboloids for 6 < 6,,

e cylinders for 6 > 0.
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A flat reference state
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A flat reference state

Mean principal strains

Principal strains
o o o o
o ~ © o

o
wn

I
'S

o
w

Numerical experiments

50

75

100

125

150

175

200

1.08

g
=}
>

Symmetry

=
o
=

1.02

1.00

Symmetry

25

50

75

100

125

150

175

200



A pringle
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A pringle
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Questions?




